We study the decoherence of a coupled quantum system consisting of a central spin and its correlated environment described by a general XY spin-chain model. We make it clear that the evolution of the coherence factor sensitively depends on the initial states of the environment spinchain. Specially, the dynamical evolution of the coherence factor of the central spin is numerically and analytically investigated in both weak and strong coupling cases for different initial states including thermal equilibrium state. In both weak and strong coupling regimes, the decay of the coherence factor can be approximated by a Gaussian and in the strong coupling regime the coherence factor oscillate rapidly under a Gaussian envelope. The width of the Gaussian decay (envelope) has been studied in details and we explained the origin of the so-called universal regime.
Docoherence induced by coupling a quantum system with an environment is one of the most important different features of opened quantum systems from isolated ones. It refers to the process that turns the system from quantum coherent pure states into classical mixed states. Usually, this process will destroy the coherence between the pointer states corresponding to their eigenvalues in a short time [1] and is a major obstacle in quantum information processing (QIP) that use the coherent entangled states as resources [2, 3] .
Hence the study of docoherence is important for understanding quantum physics and the implementation of QIP.
The decoherence process depends on the effective Hamiltonian and the initial state of the environment. The effects of the effective Hamiltonian on the decoherence has been studied in many papers [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Especially, dramatic manifestation of the decoherence has often been found in the vicinity of the quantum critical point of the effective Hamiltonian. Hence much work have been focused on the critical properties of the decoherence [7, 9, 10, [15] [16] [17] [18] [19] .
Whereas, the dependence of the decoherence on the initial state of the environment has been rarely mentioned [20, 21] and thus will be studied in this paper. In particular, we will focus on the Gaussian decay [4, 11, 13, 14, 22, 23] and explain the origin of the so-called universal regime of the Gaussian decay [4, 13] .
The dynamical evolution of the reduced density matrix may be used to describe the decoherence process. For a two-level qubit system such as a central spin, which is coupled to an environment of an XY spin chain, the coefficients of the off-diagonal terms in the reduced density matrix of the system, named as "coherence factor" in the following discussion in this paper, may describe the degree of the decoherence. It was found that in such a simple model and with a few additional generic assumptions, the coherence factor displays a Gaussian decay. So the Gaussian decay is general and important for the decoherence research.
Furthermore, a universal regime of the Gaussian envelope has been found when the coupling strength is large enough, which means that the envelope of the decay of the coherence factor in the system is Gaussian with a width independent of the system-environment coupling strength [4, 13] . While in another case, the Gaussian width in the strong coupling regime may be proportional to the coupling strength [11] . Now we introduce the Hamiltonian and the model. We consider a two-level quantum system (central spin) transversely coupled to an environment which is described by onedimensional XY spin chain model. The total Hamiltonian is given by H=H λ E +H I , where (we take =1)
|0 k and |1 k denote the vacuum and single excitation of the kth mode a k,λ j , respectively.
It is straightforward to see that the operator b k,λ j is related to the operator b k,λ j ′ by the following relation:
where j=i, e, +, −, and
. As a result, the corresponding ground states satisfy the relation
Suppose the initial state of the total system is described by the density matrix:
where ρ s (0) and ρ E (0) is the initial density matrix of the central system and the environment respectively. The evolved density matrix of the total system for t > 0 is
where U (t) is the time evolution matrix which can be obtained by solving the equation
Equation (15) has an exact solution for a time-dependent step function form for the magnetic field λ (t) = λ i + (λ e − λ i ) θ (t) which we adopt in this work [25, 26] . Here θ (t) is the usual mathematical step function. The solution to the time evolution operator for the Hamiltonian of the time-dependent step function form is exactly the same as that for the Hamiltonian of H for t > 0. That is, the time evolution operator can be expressed as
where
t is the effective time evolution operator dressed by λ ± . As a result, the reduced density matrix of the central system is
It reveals in Eq. (17) that the environmental spin chain only modulates the off-diagonal terms of ρ (t) through the coherence factor
Equation (18) is our starting point of the following derivation and discussions. If the initial density matrix of the environmental spin chain ρ E (0) can be factored as
Following Refs. [25, 26] , we can also rewrite the Hamiltonian H
and the ef-
Then for specific initial state of the environmental system ρ E (0), we can derive the corresponding coherence factor F (t).
A natural choice of the initial state of the environmental system is the ground state
is the transformation matrix. Then we can get the coherence factor F (t) with the Eq. (20) .
The result is
or equivalently
In Refs. [9] [10] [11] , it has been shown that the coherence factor F (t) decay more dramatically and rapidly in the vicinity of the quantum critical point λ i =λ e =1.0 [9] [10] [11] for small N (N≈10 2 ). In this paper we will study the decoherence with different initial states. Hence in Fig. 1 we show dynamical evolution of the coherence facotor F (t) as a function of time t and λ i and keep λ e =1 here and in the following unless specified. The other parameters are γ=1, g=0.05, N=10 2 . One can see that F (t) with any λ i decays from unity to zero in a short time. And around λ i =1, there are significant revivals. This indicates that the decoherence process with different λ i and fixed λ e may include new interesting behavior and lead to more results.
In fact, the revivals only appear for small N. For large N which may be used to simulate the thermodynamic limit, there are no revivals. In Fig. 2 we show the evolution of F (t) as a function of time t and λ i . The other parameters are γ=1, g=0.05, and N=10 4 . One can see that F (t) decays rapidly with no revivals for any λ i . The disappearance of the revivals for large N can be understood in the following way. Notice that F (t) is a product of a series of k modes. At t=0, the module of every mode is unity. After that, some of them decays remarkably, and the others remain unity. The rapid decay is induced by the effect of QPT of the evolving Hamiltonian λ e =1. The effect of QPT come down to the disappearance of the energy gap between the ground state and the excited states. For small N, the number of the modes whose energy gaps nearly disappear is small. As a result, the evolution of the coherence factor F (t) depends on the evolution of F k (t) of few modes. Hence there are revivals. For large N, the number of the modes whose energy gaps nearly disappear is large and thus leads to a chaos result with no revivals.
In fact, the decay of the coherence factor F (t) is Gaussian. The Gaussian decay arises from the following expression
where the coefficients |α k | 2 and
The value of such an expression can be understood as the "random walk" problem discussed in Refs. [13, 14] , in which the authors considered the distribution of M-step random walk. Each step correlates to a random variable taking the value +Ω k or −Ω k with probability |α k | 2 or |β k | 2 respectively.
We denote a k and b k the mean value and its variance of the random variable. If Lindeberg condition, which demands that the cumulative variances is finite, is satisfied, this distribution of energies yields a approximately Gaussian time dependence of r(t) as
Although the "probability" may be negative, the derivation process is similar with that given in Refs. [13, 14] . For this purpose we define a k =Ω kl = 4 l=1 p kl Ω kl and
as mean value and variance of the four random variables, respectively. After a straightforward derivation, we get, in the case of the initial state being
For large N, the Lindeberg condition is satisfied and the decoherence factor is
By noting that for γ=1,
we get
Thus, the evolution of coherence factor F (t) of Ising model (γ=1) can be approximated by a very simple formula,
which is only affected by the coupling strength g, M and λ i . With certain λ i , bigger chain number and stronger coupling strength, F (t) will decay more rapidly. In the previous work [4, 27] , the relation between the width of the Gaussian decay and the parameters of the Hamiltonian has been studied. Here we first give the expression for the reciprocal of the width s 2 M with the parameters of the Hamiltonian for Ising (γ=1) model. In Fig. 3 we show the numerical results of F (t) as a function of t with λ i =0.5 and λ i =1.5 respectively.
These results are calculated with Eqs. (25) we can get the evolution of the coherence factor F (t) at different temperatures. In Fig.   4 we show the numerical result of the coherence factor F (t) as a function of time t and temperature T . The other parameters are λ i =λ e =1, γ=1, g=0.05, and N=2 × 10 2 . It is within the expectation that the evolution of F (t) for thermal equilibrium state at extremely high temperature drops from unity to zero in a short time. Surprisingly, whereas, the decaying speed of F (t) dose not increase monotonously with temperature for certain time is a peak on every line. That is, at certain temperature, the coherence factor F (t) decays more slowly than that of the ground state. We think that the decrease in the decay speed of F (t) originates from the increase in the proportion of the states |1 k |0 −k and |0 k |1 −k (on which there is no decoherence) in the thermal equilibrium state.
Now we turn to study the evolution of F (t) with different initial states in the strong coupling regime. In this regime, F (t) will oscillate rapidly under a Gaussian envelope [5, 11, 14] . Following Refs. [5, 14] , we derive a formula to approximate the Gaussian envelope. By noting that in the strong coupling regime, α
≈ π/2, we can simplify Eq. (25) as
The energy terms can be expressed as Ω
rapidly with almost the same frequency E≈4g. The differences ∆ k ≪E are responsible for the decay of the envelope. By evaluation near the peaks of the oscillations, t=nπ/E+δt, and by using the Taylor expansions in δt and ∆ k , we find that the frequency of the peaks corresponds to the energy
and the value of the envelope at these peaks can be approximated bỹ strength g, the other is uncorrelated with g. This setting leads to different results of F (t) and thus the width of the envelope.
In conclusion, we have studied the decaying process of the coherence factor of a coupled system consisting of a central spin and its correlated environment described by a general XY spin-chain model. We mainly analyzed the dependence of the decoherence on the initial state of the environmental Hamiltonian by assuming that the initial state is the ground state of the initial Hamiltonian H (λ i ) E at time t=0 which may be different from the evolving Hamiltonian
E . In this case we have obtained the exact analytical expression for the decoherence factor F (t). At the critical point λ e =1 of the evolving Hamiltonian, the coherence factor F (t) decays rapidly from unity to zero for any value of λ i and with no revivals when the site number N is large enough. The evolution of the coherence factor F (t) as a function of time t is Gaussian in a short time whenever in weak or strong coupling regime. In the strong coupling regime, F (t) oscillates rapidly under a Gaussian envelope. In this case, as a main result, we have obtained a simple expression for the Gaussian decay and the Gaussian envelope with the parameters of the Hamiltonian for Ising (γ=1) model. All these approximate expressions fit the evolution of the coherence factor or the envelope very well.
We have also chosen thermal equilibrium state as initial state and found that the decaying
